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Abstract 

We investigate the asymptotic supersymmetry group of the near horizon region of the 
BMPV black holes, which are the rotating BPS black holes in five dimensions. When 
considering only bosonic fluctuations, we show that there exist consistent boundary con- 
ditions and the corresponding asymptotic symmetry group is generated by a chiral Vira- 
soro algebra with the vanishing central charge. After turning on fermionic fluctuations 
with the boundary conditions, we also show that the asymptotic supersymmetry group is 
generated by a chiral super- Virasoro algebra with the vanishing central extension. The 
super- Virasoro algebra is originated in the AdS2 isometry supergroup of the near horizon 
solution. 



UT-Komaba 11-7 
TU-891 



*E-niail: mnakamuraOhepl . c . u-tokyo .ac.jp 
^E-mail: nyokoiOtuhep . phys . tohoku .ac.jp 



1 



1 Introduction 



BPS black holes in supergravity, which preserve a part of supersymmetry, play important roles 
in the understanding of the quantum mechanical nature of black holes. In the pioneering 
work by Strominger and Vafa [Tj, the five-dimensional BPS black hole is identified with a 
D-brane bound state in type IIB superstring theory and the Bekenstein-Hawking entropy is 
explained by the microscopic counting in D-brane effective theory. The BPS black holes are 
also extensively studied from the perspective of the AdS/CFT correspondence [2]. In these 
analyses, supersymmetry is one of the keys to understanding the quantum properties of black 
holes in superstring theory. 

Recently, the Kerr/CFT correspondence, which is the duality between quantum gravity on 
the extremal Kerr black hole and a two-dimensional conformal field theory, has been suggested 
[3] (see |1] for a recent review). This conjecture is based on the investigation of the asymptotic 
symmetry group on the near horizon geometry of the extremal Kerr black hole. (See section 3 
for the definition of asymptotic symmetry group.) The asymptotic symmetry group is generated 
by a chiral Virasoro algebra with a nontrivial central extension, which gives a strong evidence 
for the Kerr/CFT correspondence. 

The characteristic of the Kerr/CFT correspondence is that it does not require the BPS 
nature and the origin in D-branes of the black holes. If the Kerr/CFT correspondence is 
realized in supergravity (or superstring), more information of quantum properties of black 
holes can be extracted, as in the AdS/CFT correspondence. Supersymmetry will also play a 
key role in such a realization. 

However, in four dimensions, there is a theorem that asymptotically-fiat rotating black holes 
cannot be supersymmetric, i.e. cannot have any globally defined Killing spinors [S]. On the 
other hand, in five dimensions, there exists the asymptotically-fiat BPS rotating black hole, so- 
called BMPV black hole [6]. The BMPV black hole has been also investigated in the context of 
the Kerr/CFT correspondence [3 [HI [9l [10] . Since the BMPV black hole is supersymmetric solu- 
tion of supergravity, it is naturally expected that the asymptotic symmetry group is enhanced 
to a two-dimensional superconformal group, which is generated by a super- Virasoro algebraic] 
So far, however, the asymptotic supersymmetry group has not been discussed from the perspec- 
tive of the Kerr/CFT correspondence o Thus, in this paper, we discuss the BMPV black holes 
in five- dimensional minimal supergravity, focusing on the asymptotic supersymmetry group. 

Concretely, in the near horizon region of the BMPV black hole, we obtain the asymptotic 
Killing vectors under the specified boundary conditions for the metric and gauge field. Con- 
served charges associated with the asymptotic symmetry group is constructed based on the 
covariant phase space method [TU [15], [16]. The resulting charges satisfy the Virasoro algebra 

^In three-dimensional AdS supergravity, the asymptotic symmetry group is known to be enhanced to a 
two-dimensional superconformal group, using the Chern-Simons formalism 

^Asymptotic supersymmetry has been discussed in four-dimensional AdS space [121 113) . The resulting 
asymptotic supersymmetry group becomes an isometry supergroup of AdS4. 
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with vanishing central charge, which originates from the different boundary conditions from the 
Kerr/CFT case. Furthermore, we obtain the asymptotic Kilhng spinors, which are related to 
the asymptotic supersymmetry group, under a boundary condition for gravitino. Applying the 
covariant phase space method to fermionic charges [13] , we construct the conserved charges as- 
sociated with the asymptotic Killing spinors and obtain the super- Virasoro algebra generating 
the asymptotic supersymmetry group. 

The organization of this paper is as follows. In section |21 we summarize the basic properties 
of the BMPV black hole and its near horizon limit. In section |3l we study the asymptotic 
symmetry group of the near horizon solution, focusing on the bosonic fields. The effects of 
fermionic fields are considered in section |H The relation to other approaches to the BMPV 
black hole and the extension to other black holes are discussed in section O Technical tools are 
prepared in the appendices. In appendix [Aj an extension of Lie-derivative is introduced. The 
covariant phase space method is reviewed in appendix [Bl 

Our conventions follows: 

• We take the signature of the metric as ( — h + -l- +). We denote the local Lorentz indices 
as a, 6, c ■ ■ ■ and the curved space indices as fi,^, p - ■ ■ . 

• In this paper, we consider the torsion free situation exclusively. In this situation, the spin 
connection is given by 

^ ^ab 2^ a{,(^bii,u ^bu,^ 2^ b{,^av,^ ^afi,v) "2^^ a^^ bi,(^da,p ^dp,cr)^ /ij (f ) 

where e"^^ denotes the vielbein. 

• The Clifford algebra is defined by {F'^, F^} = 2ri°'^. F'^^'"'^" denotes the completely an- 
tisymmetrized product, i.e. r"^ "'*" = T^"-^ ■ ■ ■T"'^\ The hermiticity property is given 
by (F'^)^' = — F°F"(F°)~^, and the Dirac conjugation is defined hy ip = ip'^T^ . In our 
investigation, it is convenient to decompose a Dirac spinor as ip^ = |(1 ± iT^)il). 

• We consider the various symmetry transformations in this paper. For convenience, we 
distinguish them by the transformation parameters, v denotes the general coordinate 
transformation parameter; A denotes the U{1) gauge transformation parameter; and ^ 
denotes the supersymmetry transformation parameter. For example, 5^g^y means the 
general coordinate transformation of the metric. 
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2 The BMPV solution 



In this section we review the BMPV black hole solution [6l [5] . It is the rotating BPS solution 
in D = 5 minimal supergravity [171 E] described by the action 



A A F A F + 0{f 



+ 



(2) 



where X'^'^^'^ = Y^"^'^ + g^^ g"'^ — g^'^ g^^\ and denotes the covariant derivative only containing 
the spin connection. The supersymmetry transformation laws of this theory are given by 



fj.j1 



(3) 
(4) 
(5) 



For our purpose the explicit forms of the higher order terms of the gravitinos are not important. 

The BMPV solution is characterized by the two parameters (/x, j), which are related to the 
mass and the angular momentum. It is given b}|f| 



A 



1-4) {dt + 



2(r2 - /i) 



0-3 



-2 



1 _ il dr' + r'dn 



3' 



1 - 



fx 



dt + 



_3_ 

2r 



2^3 



(6) 
(7) 



where dVL\ is the 3-sphere metric and cxs is one of the left invariant 1-forms cr/ (/ = 1, 2, 3). It 
is convenient to parameterize the 3-sphere by the Euler angles [9, 0, ip) whose ranges are 

< ^ < vr, < < 27r, < ^/^ < 47r. (8) 

The left invariant 1-forms are represented by 

o"! = — sin ?/'(i6' + cos sin 6*^0, (9) 
(72 = cos TpdO + sin ip sin 6d(p, (10) 
= dip + cos 6 dcp, (11) 

and the 3-sphere metric is given by 

dOl = lide"^ + d(j)'^ + dip"^ + 2cos^#rf0). (12) 

The BMPV solution is supersymmetric because it has the Killing spinor which is the non- 
trivial solution of the Killing spinor equation 



D,^ + ^(e%r^F,, - 4e%r'Fab)^ = 0. 



(13) 



^ Interesting geometric properties and causal structures of the BMPV black holes have been discussed in 
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The explicit form of the Kilhng spinor is 
where 77 is a constant Dirac spinor. 



r 



(14) 



2.1 The near horizon solution 

The BMPV black hole has the horizon which is located at r = y/JI. Let us consider the near 
horizon limit which is given by making the coordinate transformations 



r ^ (1 + |r) , t^^t, 
and taking the limit A — )■ 0. In this limit, the BMPV solution ( 16|7|) reduces to 



(15) 



ds^ = - J I rdt + -^CT3 I + + fidQl, A = ^^rdt + ^cis, V^/. = 0. (16) 
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This solution has the SL[2, M) x SU (2) x f/(l) isometry group which is generated by the Killing 
vectors 



ui = dt, 

U2 = tdt - rdr, 



Us 



dt-trdr + -i^d^, 



sin (pdg + cot 9 cos ^c?^ — esc 9 cos 
cos (pdg — cot 9 sin (pd^i, + esc 9 sin 



(17) 
(18) 

(19) 

(20) 
(21) 
(22) 
(23) 



where uj, vf and are the generators of the S'L(2,M), SU{2) and f/(l) isometry group, 
respectively. 

To identify the isometry supergroup of the near horizon solution ( IT6|) . we follow the argu- 
ments of [5l [22] 1^ First, we need to find the Killing spinors on the near horizon solution (fT6|l . 
We choose the vielbeins as 



3 — — rar + 2^(T3, e — — cxi, e ——(72, e — — cxs, e 2^ 



(24) 



and the product of all five gamma matrices as F 



0123r 



i. Then the Killing spinor equation (IT^ 



The isometry supergroup is also investigated by the geometrical method for coset spaces [23l [24] 
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reduces to 













[dt - irO'- + f r^] e, 



dr — 



j -pOS i_-pO _|_ ij -pS 



[5. - ir-] 



where 



Ml 



-r 



32 



Mo 



■^31 



(25) 

(26) 

(27) 
(28) 
(29) 

(30) 



The most general solution of eqs. fl25tl29|) is given by the linear combinations of the following 
two Killing spinors: 
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(31) 
(32) 



where 

n = e^^"'^ei^"^ei^"^ (33) 

and f] is an arbitrary constant Dirac spinor. Next, we should consider the quantity 

^T^d,, (34) 

where ^ and ^' are Killing spinors. As is discussed in [5l |22] , this is the Killing vector field and 
generates the bosonic isometry group which is extended to the isometry supergroup. In our 
case, the vector fl34p is spanned by the Killing vectors fll7ti22p only. This implies that S'L(2,M) 
and SU{2) enlarge to SU{1, 1|2), but U{1) part remains the pure bosonic. Therefore we can 
conclude that the isometry supergroup of the near horizon solution f lT6|l is SU{1, 1|2) x f/(l). 



3 Asymptotic symmetry group 

In this section we study fluctuations of the bosonic fields around the near horizon solution 
( 1T6|) . In particular, we analyze the asymptotic symmetry group (ASG) in detail. The ASG 
is defined by the set of allowed symmetry transformations modulo the set of trivial symmetry 
transformations. A transformation is allowed if it generates a fluctuation which obeys the 
boundary conditions. A transformation is trivial if a conserved charge associated with it, which 
is defined in appendix IB.lt vanishes. 
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In what follows we rename the near horizon fields given by eq.f lT6|l as g^y, and ip^, to 
emphasize that they are the background, and denote fiuctuations around them by h^^, and 
TT^, respectively. Note that the total field configurations are given by 

at:'^ = 9,u + Ku. 4*°*^ = 4 + + a^, =^, + 71,, (35) 

where A = X{t, 6, 0, V") is an r-independent arbitrary function which fixes a gauge of the back- 
ground gauge fieldO Throughout this section, we set vr^ to zero to focus on the bosonic fiuctu- 
ations. The fermionic fiuctuations are considered in section 4. 



3.1 Boundary conditions 

We choose the boundary conditions 





1/r 


1 


1 


1 \ 






l/r2 


l/r2 


l/r2 






1/r 


1/r 


1/r 








1/r 


1/r 










1/r/ 



a^r^o(l l/r2 1/r 1/r 1/r), (36) 



in the basis {t,r,6,(j),il!). These boundary conditions are invariant under transformations gen- 
erated by the Killing vectors fll7ti23p . The most general allowed transformation {v, A) is derived 
by solving the equations /i^,^ ~ ^vdt"^'' and ~ {6^ + 6iC)A^^°'^\ or more explicitly 



where C denotes the standerd Lie derivative. Then we obtain the general solution 



(37) 



f{t)dt - dj{t)rdr + J29\t)vf + h{t)vf + 



,(sub) 



1=1 



A 



-t;[A] + a(t) +A(^^*^), 



(38) 
(39) 



where /(t), g\t), h{t) and a{t) are arbitrary smooth functions and ti^®"*^) and A'^™*') denote the 
subleading terms which are given by 

^(sub) ^ o{l/r^)dt + 0{l/r)dr + 0{l/r)dB + 0{l/r)d^ + 0{l/r)d^, (40) 
^(sub) _ 0{l/r), (41) 



respectively. Notice that the allowed transformation 



includes all of the Killing vectors 



^In this context, we should regard + as the background. The function A plays an important role in 
section H) 
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3.2 Conserved charges 

The conserved charges are defined and constructed in appendix [Bl using the covariant phase 
space method [HI HSl [161 [13]. this formahsm, infinitesimal charge differences between {g, A) 
and {g + h, A + a) are given bj|f| 



where 
and 



5if(^,A) = / K,A{g,h;A,a), (42) 

JdC 



K^A{g, h- A, a) = k^{g, h) + h- A, a) + ^^(A, a), (43) 



Stt 



(44) 



k^j,{g, h- A,a) = \-^ [(-2/iF^^ + 8 /i/F'"' - SV^a") {ApV^ + A) 

iOTT 



-AF^^apVp - ^F^'Papv"] {d^x)^^ , (45) 

k^i{A, a) = -^a A F{v ■ A + k)^ A a A (5(„,a)^, (46) 

v37r 3v37r 

where denotes the covariant derivative only containing the Christoffel symbol. Covariant 
derivatives and raising or lowering indices are calculated by using g^^. 

The ASG is represented by the Poisson bracket algebra of the conserved charges, which is 
defined by 

As is explained in appendix IB.lt this can be rewritten ai^ 

[-f^(i),A), -^(t)',A')] = -^K,A") + -f^(i>,A),(«',A')) (48) 

where the central extension term -ft'(t,,A),(t,',A') is given by 



Kiv,A),(v',k')= I kv\K'{g,h]A,a)\(h^^^at,)={5^+SK){g^u,Ai.)^ (49) 

JdC 

and (f A") satisfies 

8{v"A") = \_5{v,h)i5{v',k')\ , (50) 



^ The conserved charge in more general theories containing D = 5 minimal supergravity are derived in [251 , 
based on the slightly different method formulated in [211 [13 [IB] • 

^ Here we assume that fluctuations on the near horizon solution (ITBl) satisfy the consistency condition (|113p . 
which is essential to make conserved charges and Poisson brackets well-defined. See appendix IB. II for details. 
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for the background configurations. From the direct computation, we have 

v"=[v,v\j,, X" = v[X']-v'[Al (51) 

where [■, denotes the Lie bracket. 

By calculating the conserved charges associated with the allowed transformations f l5S|59]) . 
we find that they do not diverge and do not vanish only for 

v = f{t)dt-dtf{t)rdr, A = -v[\]. (52) 

This means that the ASG is generated by the transformations (152|) . To identify the ASG, it is 
convenient to expand f{t) in terms of the Laurent series 

/(i) = (53) 

where fm are pure imaginary constants. Then the conserved charge associated with the trans- 
formation fl52|) are written by 



-^(«,A) = XI fmH(v^-Vrr^[X]) (54) 

where defined by 

= W^+^dt - i{m + l)f^rdr. (55) 

For simplicity, we redefine = -f^(i)™,-v„[A])- Then, in the same way, H(^yi_/^>) and H(^^»^\ii) 
are expanded as 

Hiv'A') = ^ fLLm, i^(^,",A") = ^ fmfni-i){m-n)Lm+n, (56) 



respectively. Noting that -ft'(t;,A),(i,',A') vanishes for the transformation f l52|) . we find 

fmfnl^m, Ln]p^ = fmfn{~'^){^ ~ ^)Lm+n, (57) 

or equivalently, 

i [Lm, Ln]pB = {ni — n)Lm+n- (58) 

By the semiclassical quantization procedure which consists of the replacement [■, ■]pb \[-, •] 
and the reinterpretation of the conserved charges as the quantum operators Lm, we have 
the quantum version 

Ln] = (m - n)Lm+n- (59) 
This is the chiral Virasoro algebra without the central extension|f| 



The general solution (I38I39P also contains 

- f: 9'{t)vf + hit)vi, A^^^ = -v^'^'lM + a{t), 



1=1 

and (w^^^, A-^^) obey the su(2) x u{\) x u{l) Kac-Moody algebra under the Lie bracket ([ST]) . However, these 
parameters only generate trivial transformations. 
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4 Asymptotic supersymmetry group 



Let us move on the study of fermionic fluctuations around the background f[T6|) . In this section 
we identify the asymptotic supersymmetry group (ASSG) which is defined in a similar way 
to the ASG. In particular, we find the two-dimensional superconformal group, which is the 
supersymmetric extension of the ASG derived in section [31 

4.1 Boundary conditions 

In principle, to find the most general allowed transformation, we must solve the equations 

v~(5.+5e)^?(r\ (60) 

a^~(5. + (5A + (5^)4*°*), (61) 
vr^ ~ (5. + (62) 

under appropriate boundary conditions. Then we need to deal with the finite fluctuations of 
gravitinos in the bulk, but it is obvious that these fluctuations violate the torsion free condition. 
To avoid this undesirable situation, we assume that fluctuations of all fields are infinitesimal 
everywhere. Under this assumption, it is only necessary to analyze eqs. fl60H6^ at the linearized 
level with respect to {h^y,a^,Ti^) and (t>,A,^), and these eqations reduce to 

V ~ '^vg,iu, ttf, ~ Cy {A^ + d^\) + df,A, (63) 

and 



ab 



e (64) 



Since eqs.f l63p have no fluctuations in the right-hand side, these equations are different from 
eqs. (l37|) . However, we can show that the general solution of eqs. (l63|l is also given by eqs.( l38|39|) 
under the same boundary conditions (l36l) . This means that the results for the ASG derived 
in section ini remain valid in the following analysis of the ASSG. Therefore, in this section, we 
concentrate on analyzing the effects of supersymmetry transformations derived from eq. f l64p . 
For fluctuations of the gravitinos, we choose the boundary conditioned 



Under the above boundary conditions, the most general solution of eq. flM]) is given by 

^ = -^ie + r) (66) 



^ The boundary conditions (|55|) are invariant under transformations generated by the KiUing vectors (jl71l23p . 
However, in our Unearized analysis, this property does not play an essential role. 
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where 

^+ = r^/^nr]+{t) + 0(r-i/'), C = tr-^^^nrdtV^{t) + 0{r-^^^), (67) 

and 7]{t) is an arbitrary smooth Dirac spinor function. Notice that the general solution f l66|l 
includes all of the Killing spinors f lM|52]) . 

4.2 Conserved charges 

According to appendix [B], infinitesimal charge differences between the tpfj_ 
fluctuated configurations tt^ are given by 

5H^= [ k^in), 

JdC 

wher^ 

fc^(7r) = fc^^(^,7r)|^=o = -i^|e|!r^^% (d^a;)^^ + h.c. (69) 

Along with the ASG, the ASSG is also generated by the Poisson bracket algebra of the conserved 
charges. In this case we need to consider two types of Poisson brackets: [H^, H^i]pb and 
[i7(^^A)5 -f^^jpB- The former bracket is given by 

[^C^dpB=%A)+^C,C', (70) 

where the central extension term K^^^i is given by 

Jac 

and (?), A) satisfles 

for the background configurations. According to the closure relation [T^ of D = 5 minimal 
supergravity, the right-hand side of eq. (172|) is expanded by the general coordinate transfor- 
mation, f/(l) gauge transformation, the supersymmetry transformation and the local Lorentz 
transformation. Since the supersymmetry transformation parameter is given by 0{ipjj), it van- 
ishes on the ipfj^ = background. Although the local Lorentz transformation parameter is given 
by 0{ip^), the conserved charge associated with it vanishes on the tp^ = background. Thus 
we can neglect the latter two transformations and can read off {v, A) by comparison with the 
closure relation as follows: 

V = - (z^r^r - ^er^o 9,, A = (ir - - ^f^^'- (73) 

Our choice (j24p makes e negative, so the volume element should be given by |e| rather than e. 



background and 



(68) 



11 



The latter bracket is given by 



where ^ satisfies 



[H{v,a), H^]p^ = H^, (74) 



S^=[Siv,A),S^], (75) 

for the background configurations. Notice that it is difficult to derive ^ from eg. (17^ directly, 
because we do not know how the supersymmetry transformation acts on the symmetry trans- 
formation parameters. However, as is discussed in j29j, it seems reasonable that is given 
by 

i = Ue, (76) 

where L denotes the Lie-Lorentz derivative [22] reviewed in appendix |X1 We adopt this expres- 
sion in this paper, even if v is not only the Killing vector but also the asymptotic Killing vector 
generating the ASG. 

By calculating the conserved charges associated with the allowed transformation fl67|) . we 
find that they do not diverge and do not vanish only for 

^+ = r^/^nT]+{t), r = ir-^^^nrdtv^it). (77) 

This implies that these spinors generate the ASSG. For the transformations fl52l) and fl77|) . 
eq. fl76|) reduces to 



= -^r'/' [fmdtV^it) - Idtfmv^it)] , (78) 
up to trivial parts. Furthermore, for the spinors (1771) . eqs. fl73|) reduce to 

V = f{t)dt - dj{t)rdr, (79) 
A = -v[\] - ^ {-g\t)cos(j)sm9 + f{t)sm(j)sm9 + f{t)cos9) , (80) 

where the trivial generators are neglected, and 



m = j=^[-riHtW^{t) + h.c.), (81) 
~9'i^) = {vW)T'rdtv'^it) - d^^T'TW^it) + h.c.) . (82) 



Eq.f l79|l and the first term of eq. flHOj) can be interpreted as the ASG generators since these parts 
are of the same forms as eqs. fl52|) . On the other hand, the second term of eq. flHOj) should be 
viewed as the gauge transformation acting on the background gauge field. Then the background 
gauge fixing parameter A is shifted. Noting that the discussion of section |3] is applicable for 
any r- independent A, it is clear that the second term of eq.( l80|) does not affect the discussion 
of the ASSG. Therefore we can neglect this term in the following analysis. 
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To identify the ASSG, it is convenient to expand //(t) as 

vit) = V2^^'/' J2 t'-^'^'Vp, (83) 
pez+i/2 

where rjp are constant Dirac spinors. Now ^ = —i{C,^ + reduces to 

e = v^//^ J2 fe+erx (84) 

pGZ+l/2 

where 

= -iri/2^tf+i/^ = (p + 1 /2)r-i/2^r'-t*'-i/2_ ^85^ 

Furthermore ifg is expanded as 

E (^G, - G;r/;) , (86) 

pez+i/2 

where 

= V2^^'/' j^^ -^leiejr^^''^, (d=^x)^^ . (87) 
In a similar way, Hi^^^ and i!f({;,_{j[A]) are expanded as 

Hu^ = Y. E /m^-*(p-f)G^+P + h.c., (88) 

meZpez+i/2 

i^(s,-^[A]) = 4 5^ (_;f^;++^^+)(_,)L,+,, (89) 

p,qeZ+l/2 

respectively. Since the conserved charges fl54ll86f88|l89i) satisfy eqs.( 170irM|) . we could derive the 
Poisson bracket algebras analogous to eq. (lS51) by removing the expansion coefficients. However, 
rather than doing this, we directly derive the quantum (anti) commutation relations anologous 
to eq.f l59|l . To this end, in addition to the replacement implemented in section |3l we replace 
and rip by the real Grassmann operators Gp and the real Grassmann numbers a^, respectively^ 
Furthermore, noting that the central extension term K^^^i vanishes for the transformations fl77|) . 
we have 

E E [/m^m, apGp] = E E fm if - P) (^pGm+p, (90) 
meZpeZ+l/2 meZpGZ+l/2 

^ [apGp,a'gGg] = ^ -apa'^ ■ 2Lp+g. (91) 

p,q&+l/2 p,qeZ+l/2 

By removing the paremeters fm and ap, these equations reduce to 

[L'm, Gp] = — p) Gm+p, {Gp, Gq} = 2Lp^g. (92) 

Thus, in conjunction with eq.f lS^ . the quantum operators and Gp satisfy the super- Virasoro 
algebra without the central extension. 

Although Gp has four components, we will focus on the component which corresponds to a fcrmionic 
generator of the minimal extension of Virasoro algebra. Other components will not be essential in the following 
analysis. 
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5 Summary and discussion 



We have investigated the asymptotic symmetry group in the near horizon region of the BPS 
rotating black hole in five dimensions. After obtaining the asymptotic Killing vectors under the 
specified boundary conditions for the graviton and gauge field, we have constructed the finite 
and nonvanishing conserved charges associated with the asymptotic Killing vectors and found 
that the resulting charges obey the Virasoro algebra with the vanishing central extension. 
Next, we obtained the asymptotic Killing spinors at the linearized level, under the suitable 
boundary conditions for the gravitino. Based on the covariant phase space method, we have 
also constructed the fermionic charges associated with the asymptotic Killing spinors and found 
that these charges generate the super- Virasoro algebra with the vanishing central extension, 
together with the bosonic charges. This asymptotic super- Virasoro algebra will shed some light 
on the quantum mechanics of the BMPV black holes. 

Here are some discussions on the relation to other approaches to black holes. 

Relation to Kerr/CFT correspondence The BMPV black hole in five dimensions has 
been investigated in the context of the Kerr/CFT correspondence [3 El El [10] ■ In those anal- 
yses, an asymptotic Virasoro algebra with a non-vanishing central charge is obtained and the 
Bekenstein-Hawking entropy of the black hole is reproduced by the Cardy formula of the hypo- 
thetical dual conformal field theory in two dimensions. Although the asymptotic super- Virasoro 
algebra obtained in this paper includes the Virasoro algebra, there are some crucial differences 
from the Kerr/CFT analysis. One is the boundary condidtion f l36p for the metric and gauge field 
and the other is the geometric origin of the Virasoro algebra. The Virasoro algebra discussed 
in section [3] is associated with the asymptotic Killing vector in the time and radial direction 
and includes the isometry 5'L(2,M) of the near horizon solution. On the other hand, the Vi- 
rasoro algebra discussed in [3 El El HO] is associated with the asymptotic Killing vector in the 
angular direction and completely decoupled from the SL{2, M) isometry. Also, it is discussed 
the existence of two choices of the asymptotic Virasoro algebra whose zero mode associated 
with d,p or d^. From the perspective of supersymmetry, the Killing vector in the angular di- 
rection has nothing to do with the isometry supergroup (see section and another Killing 
vector is a part of the R-symmetry of the isometry supergroup SU{1, 1|2). We showed that 
our boundary condition fl36|) allows the supersymmetric extension of the asymptotic Virasoro 
algebra based on the isometry S'L(2,M). It is very interesting to search for another boundary 
condition which allows an asymptotic supersymmetry based on the Killing vector which 
should have a nonvanishing central extension. 

Another interesting problem is the extension of the analysis presented here to Kerr black 
holes in four dimensions. Since our analysis focuses on the near horizon geometry of the Kerr 
black hole, which is no longer asymptotically-flat, it will be possible to find out the asymptotic 
Killing spinors and the associated super- Virasoro algebra. 
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Relation to AdS2/CFTi correspondence As is well-known, the near horizon geometry of 
the BMPV black hole has an AdS2 factor, whose isometry is SL{2,M.). Since our asymptotic 
symmetry group includes this isometry S'L(2,M), one can naturally interpret our results from 
the AdS2/CFTi correspondence [2] (see also [301 [31]), which is the duality between gravity on 
this near horizon geometry and a conformally invariant quantum mechanics (CQM). In the 
context of the AdS2/CFTi correspondence, the asymptotic analysis discussed in this paper 
implies that the dual CQM has an infinite dimensional super- Virasoro symmetry. (Such a 
super- Virasoro algebra is discussed in supersymmetric CQM |32].) If this is true, the super- 
Virasoro algebra will be very useful to obtain the spectrum and correlation functions of the 
dual CQM [331 [31]. 

Based on the AdS2/CFTi correspondence, various approaches to the microscopic origin of 
Bekenstein-Hawking entropy are discussed; Approaches based on the quantum entropy function 
[351 l36l [37] and based on the entanglement entropy [38], and the probe DO-brane approach 
|391 [lO] . It is very interesting to understand the relationship between our analysis in this 
paper and these approaches. In particular, these approaches have been applied to BPS charged 
black holes in four dimensions whose near horizon geometry is AdS2 x S^. Since this near 
horizon geometry is similar to that of the BMPV black hole, the analysis of the asymptotic 
supersymmetry group can be extended straightforwardly to the four-dimensional BPS charged 
black holes. 

We hope to report on these problems elsewhere. 
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A Lie-Lorentz derivative 

In this appendix we define the Lie-Lorentz derivative [29] which is the natural extension of 
the standard Lie derivative. The standard Lie derivative C does not act on any local Lorentz 
indices. For example the action on the vielbein is given by 

C,e\ = v'Vpe\ + e%VX = -v''ujp\e\ + V^, (93) 

where is the covariant derivative containing the both of the spin connection and the Christof- 
fel symbol. Notice that the term —v^Up'^^^e^^ does not transform covariantly since u^ab is the 
connection on the local Lorentz frame. This means that the standard Lie derivative does not 
transform the vielbeins covariantly. More generally, let us consider quantities with any local 
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Lorentz indices. We call such a quantity Lorentz tensor following the reference [2^. It is clear 
that the standard Lie derivative does not transform the Lorentz tensors covariantly. 

Now we want to introduce the extended Lie derivative L which satisfies the following prop- 
erties: 

• L transforms Lorentz tensors covariantly. 

• Acting on the tensors without local Lorentz indices, L reduces to the standard Lie deriva- 
tive £. 

L should act on a Lorentz tensor T^^...^J^^"''^'^ with the mixed curved space indices as 

-'pP2---Pm ^/^l^ ' 

+ ie'^^(t;)si;)T,,...,„'^--, (94) 

where S^^^ is a generator of Lorentz group in the representation r. e"''(f ) may be an arbitrary 
local Lorentz transformation parameter which satisfies 

To fix e"^(i;) appropriately, let us consider the case that f is a Killing vector. Then by 
definition Cyg^u = 0, but eq. fl93|) reduces to 

C,e% = -vPu,\e\ ^ 0. (95) 

It seems reasonable that we take 



Ue% = 0, (96) 



in fact this criterion reduces to 



— IL^e ^ 



> = T^aVb. (97) 



Noting that VaVb = —'DbVa, we find that the criterion fl96|) is an appropriate one. From 
eqs. (19411971) . we obtain the expression 

TT rp Ui---U„ njPT) rp Vi---Vn 

I rp Ul-Un-p) „,P I . . . 

_ rp pU2---U„'p> Ul _ . . . 

-'■/tl---Mm 

+ I^^Vsi^T,,...,^^---, (98) 

and this is identical to the definition given in the reference j29]. Using the expression (1981) . it 
is showed that L satisfies the following properties: 
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• The action of L^, satisfies Leibniz rule: 

L,(TiT2) = UT1T2 + TiUTa. (99) 

• L„ commutes with F": 

[U, r"] T = 0. (100) 

• The commutator of two Lie-Lorentz derivatives is given by 

[L^^, Ltij] T = L[^^_t,2]^^T. (101) 

• L„ is hnear in v. 

where T is a Lorentz tensor with the mixed curved space indices. 

B Conserved charges 

In this appendix some properties of conserved charges are reviewed. It is convenient to start 
with the Lagrangian D-form L following the reference [HI [151 HSl [13] , which is related to the 
Lagrangian density C as follows: 

L = C {d^x) , (102) 

where (rf^-fx)^,...^^ = ^^^eMi-/^p/^p+i-MDf^a;^^+' A ■ ■ ■ A dx"^ with e^^^,„^^-^^^ = +1@ The 
approach which we follow here is called the covariant phase space method. 

In appendix IB. II we define the conserved charges and deduce some immediate consequences. 
In particular, the Poisson bracket algebra of two conserved charges are discussed. In appendix 
IB. 21 we construct the conserved charges from D = 5 minimal supergravity action. 



B.l Conserved charge and Poisson bracket 

We consider the theory which is described by the Lagrangian D-form L{^), where $ denotes 
the dynamical fields collectively. The variation of the Lagrangian D-form is given by 

SL{^) = E{^)6^ + d&{^,6^), (103) 

and the equations of motion are E{^) = 0. The symmetry transformation is defined by 

S,L{^) = dB,{^). (104) 
01 • • • (-D — 1) denote the curved space indices. 
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The conserved charge associated with the symmetry transformation fll04p should be defined 
as the integration of a corresponding conserved current. In the covariant phase space method, 
such a current is defined by 

a;($, 52$) = (5i0($, h^) - (520($, - e(<l>, h\ (105) 

To check that the current f llOSp is conserved, we calculate ^2] -L in two different ways: 

\hM L = E{<i>) [61, 62] $ + rfe(<l>, [61, 62] $); (106) 

and 

[61, 62] L = 6i (^;(<l>)52$ + rf©($, ^2$)) -(1^2) 

= 6iE{^)S2^ - 62E{^)6i(!> + E{^) [Si, 62]^ + d ((5i0($, 62^) - (52®($, Si^)) ■ 

(107) 

Then we have the conservation law 

du}{^, 5i^, 62^) = -5iE{^)52^ + 52-E($)5i$ ^ 0. (108) 

where "~" denotes the onshell equality. Now we can define the conserved charge associated 
with the symmetry transformation f ll04p by integrating the conserved current f llOSp 

6H,= [ a;($,(5$,5,$), (109) 
Jc 

where C is a Cauchy surface. 

For the existence of H^, it is necessary that the definition fll09p satisfies the consistency 
condition 

6,{62H,) - 62{6,H,) = [61,62] H,. (110) 
This condition can be rewritten as 

= 6,{62H,) - 62{6,H,) - [6u62]H, 

= [ {6iu;{<!>,62<^,6,<^) - 62u;{<!>,6i<^,6,^) - u;{^,[6i,62]^,6,^)) , (111) 
Jc 

or noting that a;($, ^2'^') satisfies the identity 

= 5ia;(<l>, 62^, 63^) + a;($, [^2, ^3] ^) + (cyclic terms for {1, 2, 3}), (112) 
it can be rephrased as 

= / (5,a;($,(5i$,52$)+^($,5i$,[52,5.]$)+^($,52$,[5.,5i]$)). (113) 
Jc 
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The Poisson bracket of the two conserved charges is defined by 

[H,,H,.]pj,^6,H,,. (114) 
To rewrite this, let us take the variation of the both sides 

= + [6, 6,] H,, 

5$, 5,.$) + u;($, [6, 6,] $, 5,.$)) 

a;(<l>,5<l>,[5„5,,]$), (115) 



c 



c 



where the consistency condition flll3p was used for the last equality. For any symmetry trans- 
formations we can write as [6^, S^r] $ = so we have 

6 [H,, H,]pp = f u;{<l>, 5$, 5,»$) = 6H,>,, (116) 
Jc 

or integrating the both sides, 

[H,,H,>]p^ = H,. + K,,,>, (117) 

where K^ ,:' is the integral constant and can be interpreted as the central extension term. Now 
we adjust such that vanishes for a reference field configuration then we have 



ir,,,, = [H,,H,']pj, = [ a;($,(5,$,(5,,$)|^=^.cf. (118) 

Jc 



B.2 Construction 

We move on the explicit constructions of the conserved charges defined by eq. fllOQp . Our first 
task is to rewrite the definition to the more tractable expression. From eqs. fll03lll04p 

= E{^)6,^ + rf0($, (5e$) - dB,{^). (119) 

Applying integration by parts to the first term 

E{^)6,(!? = eAr($, E{(!>)) + d5,($, E{^)), (120) 
and noting that the Noether identities imply A/"($, -E($)) = 0, then we have 

d [5,($, E{<^)) + ©($, 5,$) - S,(<l>)] = 0, (121) 

or equivalently 

5,($, Em + e(<l>, (5,$) - B,($) = dQ,{<l>). (122) 
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Using this identity, we can rewrite the integrand of eq. fllOQp as follows: 



(5$, 

= (5e($, 5,$) - 5,e($, 5$) - e(<i>, [6, 6,] $) 

= 6 (rfQ,($) - 5,(<i>, + - 5,e(<i>, (5$) - e(<i>, [5, 6,] $) 

^ c/5g,(<i>) + 6B,{^) - (5,e($, 5$) - e($, [5, 5,] $), (123) 

where SSe{^, ~ was used in the last line. From the conservation law (11081) 

- {5B,{^) - (5,0($, 5$) - 0($, [S, S,] $)) ^ rf(5Q,($) - 5$, 5,$) ^ 5$), (124) 

so we have 

a;($,(5$,(5,<l>) ^ dfc,($,(5$), fe,($, 5$) = 5Q,($) - A,($, 5$), (125) 
and this means that the eg. (11091) reduces to 

SH, [$] ^ /" fc,(<l>,(5<l>). (126) 

JdC 

Bosonic symmetry Let us apply the algorithm described above to -D = 5 minimal super- 
gravity whose action is given by eq.([2]). Here we focus on the bosonic symmetries which consist 
of general coodinate transformations and U{1) gauge transformations. For all dynamical fields 
the general coodinate transformation is represented by 5^,$ = Lt,$, and the U{1) gauge trans- 
formation acts on the only gauge field as ^a^^i = V^A. 

Notice that there are no contributions from the action with more than one gravitino fields, 
because we are interested in the background where the gravitino vanishes. Therefore we consider 
the contributions from the Einstein- Hilbert term Le, the Maxwell term Lp and the Chern- 
Simons term Lcs only. 

First we consider the Chern-Simons contributions. The Lagrangian 5-form and the symme- 
try transformation are given by 

Lcs = A F A F, 6,,aA = d{v A + A) + v F, (127) 

respectively, so we have 

@^'{A, 5 A) = AFA5A, = AF{vA + A), (128) 

BZiiA) = ^[v-{AAFAF)+AFAF], (129) 



and 



Aji(A, 5A) = ^ {-5A A F{v A + A) + A A (v ■ F) A 5A + A A Fiv ■ SA)) , (130) 
Q^Xi^) = ^AAF{vA + A). (131) 
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Therefore the contribution from Lcs term is given by 

5 A) = ^6 A AF{vA + A) + ^A A M A 6,,^A + d (^M AA{vA + A)) . 

(132) 

Note that the last term of eq. fll32p does not contribute conserved charges, since conserved 
charges are given by the integration of eq. fll32p on the boundary of a Cauchy surface. 
Next we consider the Einstein-Hilbert and Maxwell contributions. Noting that 



5\Le/f = 0, 

Bv,a{^) and A^,a($, are written as 

<f (<f ) =v-L, Af;f ($, 6^)=v 0($, 5$). 
Therefore the expression of the conserved charge reduces to 

where 

The Einstein-Hilbert Lagrangian D-form is given by 
so we have 



and 



Therefore the contribution from Le term is given by 



<,TT 



Similarly the contribution from Lp term is given by 



IGtt 



[{-2hF^"' + m^Fp" - SV^a'^) {ApVp + A) 

-AF^'^'apv" - SF'^Papv''] {d^~^x) 



(133) 



(134) 



(135) 



(136) 



(137) 



138) 



(139) 



(d^-x)^^. (140) 



'1411 
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Supersymmetry Finally, we derive the conserved charges associated with the supersym- 
metry transformations (OlISD- Noting that we remain on the background where the gravitino 
vanishes, it is showed that the only contribution comes from term which is given by 

= -i^eii^^V^^'D^ij, + i^^'D^T^'^Pi;,) (d'x) . (142) 

Then we have 

e'^($, (5$) = ^ [-2tW.T'"'yp + (h.c.) + Oi^p')] (d'x)^. (143) 

In this case it is easy task to construct the conserved charge from the definition fllOOp directly, 
since we are not interested in the explicit forms of the higher order terms with respect to 
gravitinos. The only term which is relevant to our calculation is the (9('?/'°) term in the integrand 
of the conseved charge. From eg. 01431) we have 

cj^(<l>, (5$, 5^$) = 6&'^{<l>, 6^<l>) - 5ge'^($, (5$) - e^($, [6, 6^] $) 
= ^ [eV, {^^T^''6^|J,) 

-iee (^-AtT^^'DMp + V3X^''P''6tlj,FpJ) + (h.c.) + O(V')] (d^x) ^ 
^ eV. {-^-^T^-P6^p + (h.c.) + 0{^)) {d'x)^^ 

= dkf{<l>,6<l>), (144) 
where the linearized equations of motion was used in the third line, and 

kf{^, 5$) = e [-^^T'^'^^S^Ij, + (h.c.) + 0{^)] {d'x)^^ . (145) 
The last term of eg. (11451) vanishes when we are interested in the ipf^ = background. 
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